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The Oriented Chromatic Number
of the Hexagonal Grid is 6
Antoni Lozano∗
Abstract
The oriented chromatic number of a directed graph G is the minimum order of an
oriented graph to which G has a homomorphism. The oriented chromatic number
χo(F) of a graph family F is the maximum oriented chromatic number over any
orientation of any graph in F . For the family of hexagonal grids H2, Bielak (2006)
proved that 5 ≤ χo(H2) ≤ 6. Here we close the gap by showing that χo(H2) ≥ 6.
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1 Introduction
An oriented graph is a digraph
#„
G obtained from a simple graph G by assigning to each
edge one of its two possible directions. Digraph
#„
G is then called an orientation of G. A
tournament (k-tournament) is an orientation of the complete graph (Kk).
All graphs considered here are either finite simple graphs or their orientations. As
usual, V (G) denotes the set of vertices of an unoriented graph G, E(G) denotes its set
of edges, and A(
#„
G) denotes the arc set of the orientation
#„
G of G. For any arc (u, v), we
say that u dominates v. The outdegree of u in
#„
G, denoted by deg+#„
G
(u) is the number of
vertices dominated by u. The score set of a tournament T is the set {deg+T (u)}u∈V (T ).
1.1 Oriented chromatic number
An oriented k-coloring of an oriented graph is a homomorphism to an orientation of Kk.
Therefore, an oriented k-coloring of an oriented graph
#„
G is a function φ : V (
#„
G)→ V (
#  „
Kk)
such that if (u, v) ∈ A(
#„
G), then (φ(u), φ(v)) ∈
#„
Kk, where
#„
Kk is an orientation of Kk. For
any vertex u ∈ V (
#„
G), we say that φ(u) is its color in the oriented k-coloring φ of
#„
G. An
oriented k-coloring is usually characterized as a (proper) k-coloring such that if there is
an arc from color c1 to color c2, then no arc leads from c2 to c1.
The oriented chromatic number χo(
#„
G) of an oriented graph
#„
G is the minimum number
k for which
#„
G has an oriented k-coloring. The oriented chromatic number χo(G) of an
unoriented graph G is defined as the maximum χo(
#„
G) over all orientations
#„
G of G. If F is
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a family of graphs, the oriented chromatic number of F is defined as χo(F) = max{χo(G) |
G ∈ F}. See [13] for a survey of the main results.
Some bounds on the oriented chromatic number are known for several graph families
like planar graphs [10], outerplanar graphs [11], graphs with bounded degree [11, 8, 15],
Halin graphs [4], Cartesian products [12, 14], hypergraphs [15], or grids [5, 3, 1].
1.2 Grids
The grid G(m,n) is defined as the Cartesian product Pm×Pn. The vertices of G(m,n) will
be represented by vi,j , for 1 ≤ i ≤ m and 1 ≤ j ≤ n, with its edges being all {vi,j , vi,j+1}
and {vi,j , vi+1,j}, for vi,j, vi,j+1, vi+1,j ∈ V (G(m,n)). The set of all subgraphs of G(m,n),
for all m and n, is referred to as the grid and is denoted by G2. Finding the exact value
for the oriented chromatic number of the grid seems to be a surprisingly hard problem.
Fertin, Raspaud, & Roychowdhury [5] first proved that 7 ≤ χo(G2) ≤ 11, the lower bound
being subsequently improved to 8 by Dybizban´ski & Nenca [3].
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Figure 1: Grid G(4, 11) is represented by solid and dotted edges. Solid edges alone repre-
sent the hexagonal grid H3,4.
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Figure 2: Hexagonal grid H3,4 with vertex names.
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The hexagonal grid Hm,n is defined in [1] (only for m ≤ 2) as m rows of n hexagons
(see Figure 2) and corresponds to the subgraph of G(m + 1, 2n +m) just containing the
vertices vi,j that satisfy i− 1 ≤ j ≤ i+2n, all edges of the kind {vi,j , vi,j+1}, and edges of
the kind {vi,j, vi+1,j} for even i + j (see Figure 1). The set of all subgraphs of Hm,n, for
all m and n, is referred to as the hexagonal grid and is denoted by H2.
Bielak [1] proved that χo(H1,n) = 5 for any n > 3. For the general case of the hexagonal
grid, she also proved that 5 ≤ χo(H2) ≤ 6. In Section 2, we give an alternative proof of
Bielak’s upper bound, while in Section 3 we show that 6 is actually a lower bound for
χo(H2) by means of two counterexamples checked by computer.
2 Upper bound
Bielak [1] showed that the hexagonal grid has oriented chromatic number at most 6. For
completeness, we include a proof based on the ideas used by Fertin et al. [5] to show that
the grid has oriented chromatic number at most 11.
Theorem 1. χo(H2) ≤ 6.
Proof. Consider the orientation A6 of K6 depicted in Figure 3 (already used in [1, 5]).
We are interested in the following property of A6, which has been checked by computer
(and can be reasonably checked by hand as well).
Property 1. For any two vertices u and v, there exists a path between u and v of unori-
ented length 3, whatever the orientations of the arcs on the path.
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Figure 3: Digraph A6
Now, the following is an algorithm that colors any given orientation
#„
Hm,n of Hm,n by
a homomorphism to A6. Consider the following steps keeping in mind Figure 2.
1. First row. The first row v1,1, v1,2, . . . , v1,2n+1 of vertices in
#„
Hm,n can be clearly
colored by a homomorphism to A6. We start with any color for v1,1. Then, since
both the indegree and the outdegree of any vertex in A6 are at least 2, a new color
is always available for the succeeding vertex.
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2. Following rows. Suppose k − 1 rows have already been colored. In order to color
the k-th row, we color the first vertex vk,k−1 in the row with a color compatible with
that of vk−1,k−1, its neighbor in row k − 1, which has already been colored. Now, if
u and v are the colors of vk,k−1 and vk−1,k+1, resp., according to Property 1 there
is a path of unoriented length 3 from u to v in A6 that respects the orientations
from vk,k−1 to vk−1,k+1 in
#„
Hm,n, resp. Therefore, the vertices vk,k and vk,k+1 can be
colored. Taking vk,k+1 and vk−1,k+3, we can continue with the coloring in the same
way until we complete the k-th row.
Given any orientation
#„
G of an hexagonal grid, consider two integers m and n such that
#„
G is a subgraph of some orientation
#„
Hm,n of Hm,n. By the above algorithm,
#„
Hm,n has a
homomorphism to A6 and, then, so does
#„
G. Therefore, the oriented chromatic number of
any hexagonal grid is at most 6.
3 Lower bound
Our lower bound is based on the construction of a digraph that cannot be colored by any
tournament of order 5. The complete list of 5-tournaments is therefore needed in order to
get our result.
According to Theorem 41 in [9] (based on a formula from [2]), there are only 12
tournaments of order 5 which, expressed as the upper triangle of their adjacency matrices
in row order (see the list tournaments of 5 vertices at [6]), are the following:
T1 : 0000000000 T7 : 1000001000
T2 : 0000000101 T8 : 1000010000
T3 : 0000100010 T9 : 1000100000
T4 : 0000100100 T10 : 1000100101
T5 : 0001100100 T11 : 1000110101
T6 : 0010100101 T12 : 1100101110
Although the method to generate the above tournaments is not published, it is the same
as in [7] (B. D. McKey, personal communication, December 2019), meaning that they
are pairwise nonisomorphic. For a direct check of nonisomorphism, a graph invariant as
the score set is not fine enough to give different results on all twelve tournaments, but
the following variation is. Define the double score set of a tournament T , written ds(T ),
as the set {
∑
(u,v)∈A(T ) deg
+
T (v)}u∈V (T ). It is easy to check that the tournaments above
have pairwise distinct double score sets, that is, ds(Ti) 6= ds(Tj) for i 6= j, 1 ≤ i, j ≤ 12.
Since the double score set is clearly a graph invariant, the previous list must contain all
tournaments of order 5.
We construct a digraph containing two smaller digraphs that, combined, cannot be
colored with any of the twelve tournaments of order 5. In particular, digraph H4 (see
Figure 4) is not colorable with tournament T5 and digraph H49 (see Figure 5) is not
4
colorable with any other tournament of order 5. Smaller graphs than H49 can show non-
colorability with most 5-tournaments. However, H49 was specifically designed to act as a
counterexample of colorability for T11 and, incidentally, we could check that it acts as a
counterexample for all other 5-tournaments except T5, thus reducing the number of graphs
that are needed.
Theorem 2. χo(H2) ≥ 6.
Proof. Let H be an undirected graph having an orientation
#„
H which contains digraphs
H4 (in Figure 4) and H49 (in Figure 5); for instance, H = H9,12 is one such possibility.
Graph
#„
H cannot have an oriented 5-coloring since, for each i with 1 ≤ i ≤ 12, there is no
homomorphism from either H4 or H49 to Ti. Although this fact was initially checked by
hand (using small graphs for each i ≤ 10), here we use linear programming techniques as
a practical tool for checking the absence of homomorphisms.
Our linear program, detailed in Section 4, checks whether a given oriented graph G
has a homomorphism to tournament Ti, 1 ≤ i ≤ 12. Our goal is to know whether there is
a homomorphism from G to Ti, that is, whether the set of constraints
(phi(u),phi(v)) ∈ A(Ti) for all (u, v) ∈ A(G)
has a solution, where phi(u) is a decision variable for each u ∈ V (G) and the objective
function is irrelevant. An implementation of the previous linear program can be found in
Section 4. Using OPL, no solution was found when G = H4 and i = 5 and, consequently,
we conclude that H4 is not colorable with tournament T5. Similarly, choosing G = H49 and
any i 6= 5, 1 ≤ i ≤ 12, no solution exists neither, meaning that H49 is not colorable by any
tournament of order 5 distinct from T5. Since
#„
H contains both H4 and H49 as subgraphs,
and homomorphisms are preserved for subgraphs,
#„
H cannot have a homomorphism to any
tournament of order 5 and the theorem follows.
Figure 4: Digraph H4
5
Figure 5: Digraph H49
4 Linear program
We code our linear program in OPL and use IBM ILOG CPLEX Optimization Studio
to run it. Remember that our goal is to decide whether an oriented graph G has a
homomorphism to a 5-tournament Ti, 1 ≤ i ≤ 12. The data needed for our model is,
then, G and T , which in our implementation will be described by the input variables N
= |V (G)|, M = |A(G)|, arc = A(G), and T = Ti. Assuming that V (Ti) ⊆ {0, . . . , 4}, we
code every arc (u, v) of Ti as the positive integer u+ 5v, which clearly identifies the arc.
For instance, using this encoding, arc (0, 4) of T5 is encoded by number 20 and the whole
tournament T5 by T = [1 2 3 8 9 11 14 17 19 20]. The model file is the following.
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int N = ...;
int M = ...;
range I = 1..10;
range Vertices = 1..N;
range Arcs = 1..M;
int T[i in I] = ...;
int arc[Arcs][1..2] = ...;
dvar int phi[j in Vertices];
dvar boolean z[i in I,a in Arcs];
minimize 1;
subject to {
// the coloring is correct
forall (a in Arcs)
phi[arc[a][1]] + 5*phi[arc[a][2]] == sum(i in I) z[i,a]*T[i];
// colors go from 0 to 4
forall (j in Vertices) (phi[j] >= 0);
forall (j in Vertices) (phi[j] <= 4);
// just one z equals 1 for each arc
forall (a in Arcs) sum(i in I) z[i,a] == 1;
}
In our linear program, then, we check whether (phi[arc[a][1]], phi[arc[a][2]]) is an arc
in T using the equation
phi[arc[a][1]] + 5*phi[arc[a][2]] == sum(i in I) z[i,a]*T[i];
Here we introduce new decision variables z[i,a] to guarantee that each of the numbers obtained
on the left of the equation (corresponding to arc a) equals one of the positive integers in the list T.
As an example, the data file to check that H4 cannot be colored with T5 is the following.
N = 18;
M = 21;
T = [1 2 3 8 9 11 14 17 19 20];
arc = [[1 2] [3 2] [4 3] [5 4] [5 6] [1 6] [6 7] [8 7] [8 9] [10 9] [10 1]
[2 11] [12 11] [12 13] [14 13] [14 3] [4 15] [16 15] [16 17] [18 17] [18 5]];
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